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ON MATSUMOTO METRICS OF SCALE FLAG CURVATURE
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Abstract. This paper contributes to the study of the Matsumoto metric F = α
2
α−β
, where the α is a
Riemannian metric and the β is a one form. It is shown that such a Matsumoto metric F is of scalar
flag curvature if and only if F is projectively flat.
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1. Introduction
In Finsler geometry, there are several important geometric quantities. In this paper, our main focus
is on the flag curvature.
For a Finsler manifold (M,F ), the flag curvature K at a point x is a function of tangent planes
P ⊆ TxM and nonzero vectors y ∈ P . This quantity tells us how curved the space is. When F is
Riemannian, K depends only on the tangent plane P ⊆ TxM and is just the sectional curvature in
Riemannian geometry. A Finsler metric F is said to be of scalar flag curvature if the flag curvature
K at a point x is independent of the tangent plane P ⊆ TxM , that is, the flag curvature K is a scalar
function on the slit tangent bundle TM\{0}. It is known that every locally projectively flat Finsler
metric is of scalar flag curvature. However, the converse is not true.
(α, β)-metrics form a special and important class of Finsler metrics which can be expressed in the
form F = αφ(s), s = β
α
, where α =
√
aij(x)yiyj is a Riemannian metric, β = bi(x)y
i is a 1-form
on M and φ(s) is a C∞ positive function satisfying (2.3) on some open interval. In particular, when
φ(s) = 1
1−s , the Finsler metric F =
α2
α−β is called a Matsumoto metric, which was first introduced by
M.Matsumoto to study the time it takes to negotiate any given path on a hillside(cf. [1]). Recently,
some researchers have studied Matsumoto metrics([8, 9, 14, 17]).
Randers metrics are the simplest (α, β)-metrics. Bao, etc., finally classify Randers metrics of con-
stant flag curvature by using the navigation method (see [2]). Further, Shen, etc., classify Randers
metrics of weakly isotropic flag curvature (see [12]). There are Randers metrics of scalar flag curvature
which are not of weakly isotropic flag curvature or not locally projectively flat(see [3, 11]). Besides,
some relevant researches are refereed to [5, 10, 15], under additional conditions. So far, Randers met-
rics of scalar flag curvature are still unknown. Xia and Yang obtain the results for Kropina metrics
and m-Kropina metrics, respectively(see [13, 16]).
Our main result concerns Matsumoto metrics of scalar flag curvature.
Theorem 1.1. Let F = α
2
α−β be a non-Riemannian Matsumoto metric on an n-dimensional manifold
M , n ≥ 3. Then F is of scalar flag curvature if and only if F is projectively flat, i.e., α is locally
projectively flat and β is parallel with respect to α.
Li obtains that an n(≥ 3)-dimensional non-Riemannian Matsumoto metric is projectively flat if and
only if α is locally projectively flat and β is parallel with respect to α(see [7]). It is known that α is
locally projectively flat is equivalent to that α is of constant curvature. Hence, a Matsumoto metric,
which is projectively flat (i.e., of scalar flag curvature), must be locally Minkowskian.
The content of this paper is arranged as follows. In §2 we introduce essential curvatures of Finsler
metrics, as well as notations and conventions. And we give basic formulas for proofs of Theorems in
the following section. In §4 the characterization of scalar flag curvature is given under the assumption
that the dual of β, with respect to α, is a constant Killing vector field. By using it, Theorem 1.1 is
proved in §5.
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2. Preliminaries
In this section, we give a brief description of several geometric quantities in Finsler geometry. See
[4] in detail.
Let F be a Finsler metric on an n-dimensional smooth manifold M and (x, y) = (xi, yi) the local
coordinates on the tangent bundle TM . The geodesics of F are locally characterized by a system of
second order ordinary differential equations
d2xi
dt2
+ 2Gi
(
x(t),
dx(t)
dt
)
= 0,
where
Gi =
1
4
gij{[F 2]xkyjy
k − [F 2]xj}.
Gi are called spray coefficients of F.
The Riemann curvature R (in local coordinates Rik
∂
∂xi
⊗ dxk) of F is defined by
Rik = 2
∂Gi
∂xk
−
∂2Gi
∂xj∂yk
yj + 2Gj
∂2Gi
∂yj∂yk
−
∂Gi
∂yj
∂Gj
∂yk
.
It is known that F is of scalar flag curvature if and only if, in a local coordinate system,
Rik = K(x, y){F
2δik − FFyky
i}.
In particular, F is of weakly isotropic(resp.isotropic or constant) flag curvature if K(x, y) = 3θ
F
+
κ(x)(resp. K(x, y) = κ(x) or constant), where κ = κ(x) is a scalar function and θ is a 1-form on M .
In dimension n ≥ 3, a Finsler metric F is of isotropic flag curvature if and only if F is of constant flag
curvature by Schur’s Lemma. In general, a Finsler metric of weakly isotropic flag curvature and that
of isotropic flag curvature are not equivalent.
The Ricci curvature(or Ricci scalar) of F is defined by
Ric := Rmm.
For a vector y ∈ TxM \ {0}, define Wy(u) =W
i
j(y)u
j ∂
∂xi
|x by
W ij(y) := A
i
j −
1
n+ 1
∂Akj
∂yk
yi,(2.1)
where
Ai j := R
i
j −
1
n− 1
Rmmδ
i
j .(2.2)
We call W := {Wy}y∈TxM\{0} the Weyl curvature. It is easy to check that W is a projective invariant
which means that if Gi = G˜i + Pyi, then W ij = W˜
i
j . As is known that a Finsler metric is of scalar
flag curvature if and only if its Weyl curvature W = 0. For a Riemannian space (M,g) of dimension
n ≥ 3, the following conditions are equivalent: (a) W = 0, (b) g is of scalar flag curvature, (c) g is of
constant curvature, (d) g is locally projectively flat.
(α, β)-metrics are an important class of Finsler metrics. An (α, β)-metric is expressed by the
following form,
F = αφ(s), s :=
β
α
,
where α =
√
aij(x)yiyj is a Riemannian metric and β = bi(x)y
i is a 1-form. φ = φ(s) is a C∞ positive
function on an open interval (−b0, b0) satisfying
φ(s)− sφ′(s) + (b2 − s2)φ′′(s) > 0, |s| ≤ b < b0,(2.3)
where b := ‖β(x)‖α =
√
aijbibj . It is known that F = αφ(s) is a Finsler metric if and only if
‖ β(x) ‖α< b0 for any x ∈M . In particular, if φ(s) = 1+s, then it is a Randers metric. If φ(s) =
1
1−s ,
then it is a Matsumoto metric F = α
2
α−β , etc. It is known that a Matsumoto metric F is a Finsler
metric if and only if b < b0 =
1
2
.
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Let Gi(x, y) and αGi(x, y) denote spray coefficients of F and α, respectively. To express formulae for
spray coefficients Gi of F in terms of α and β, let’s introduce some notations. Let bi|j be a horizontal
covariant derivative of bi with respect to α. Denote
rij :=
1
2
(bi|j + bj|i), sij :=
1
2
(bi|j − bj|i),
sij :=a
ikskj, sj := bis
i
j = b
isij, rj := b
irij, r := b
iri,
r0 :=riy
i, s0 := siy
i, r00 := rijy
iyj.
Throughout this paper, we use aij to raise and lower the indices of bi, rij , sij, ri, si and y
i, etc. With
these, we can express the spray coefficients Gi as follows(see [6])
Gi = αGi + αQsi0 +Θ(r00 − 2αQs0)
yi
α
+ ψ(r00 − 2αQs0)b
i,(2.4)
where
Q : =
φ′
φ− sφ′
,
Θ : =
φ′(φ− sφ′)
2φ[φ− sφ′′ + (B − s2)φ′′]
− sψ,
ψ : =
φ′′
2[φ− sφ′ + (B − s2)φ′′]
.
Here B := b2. In particular, for a Matsumoto metric F = α
2
α−β , it follows from (2.4) that
Gi = αGi + αQsi0 +Θ(r00 − 2αQs0)
yi
α
+ ψ(r00 − 2αQs0)b
i,(2.5)
where
Q =
1
A1
, Θ =
1− 4s
2A2
, ψ =
1
A2
,(2.6)
and A1 = 1−2s, A2 = 1+2B−3s are functions of s,B respectively. Note that B <
1
4
for a Matsumoto
metric F = α
2
α−β . The variations s or B is also a linear combination of two functions A1 and A2, which
means A1, A2 can be regarded as new variations in place of the variations s,B.
3. Basic Formulas for (α, β)-metrics
From (2.5), we have that
Gi = αGi + Pyi +Qi,(3.1)
where P = 1
α
(r00 − 2αQs0)Θ, Q
i = αQsi0 + ψ(r00 − 2αQs0)b
i. Let
G
i
= αGi +Qi.(3.2)
By (3.1), (3.2) and (2.1), we have
W ij =W
i
j.(3.3)
Assume that F is of scalar flag curvature. Now we have
(3.4)
0 =W ij =W
i
j
= R
i
j −
R
m
m
n− 1
δi j −
1
n+ 1
(R
m
j −
R
s
s
n− 1
δmj).my
i,
Contracting (3.4) with bjbi yields
0 = R
i
jb
jbi −B
R
m
m
n− 1
−
sα
n+ 1
(R
i
jb
j −
R
m
m
n− 1
bi). i.(3.5)
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Using formulas and notations in [6], we have
(3.6)
R
i
jb
j = αRi jb
j + bi(sC21 +BC22 + rC24 − C230s0 + C240r0 − vαb
jsj|0 + 2vαb
js0|j + vQα
2sks
k
+ 2ψbjr00|j − 2ψb
jrj0|0 + 2Qψαs
kr0k + 4Qψαr
ksk0)
+ si(sC31 +BC32 + 2Qψαr0) + s
i
0(sC310 +BC320 −C331s0)
+ riC4 + r
i
0(sC410 +BC420 − 2ψr0) + s
i
ks
k
0(sC332 +BC333) + s
i
ks
kQ2α2
+ 2bjsi
0|jQα− b
jsi j|0Qα+ s
i
0|0(sC311 −BQs),
where
v(s,B) := −2ψQ,
C21 =
r2
00
α2
((sψ2s − 2sψψss − 2ψψs)(B − s
2) + sψss + ψs + 4s
2ψψs)
+
r00s0
α
((2sψsvs − 3vψs − 2svψss − 2sψvss)(B − s
2) + svss + 2sψBs
−2sQψss + 5s
2vψs + sQsψs + 2s
2vsψ − 2svψ − 3Qψs)
+
2r00r0
α
(−sψψs + sψBs) + s
2
0((sv
2
s − 2svvss − vvs)(B − s
2) + 3s2vvs
−2sQvss − 3sv
2 −Qvs − 2vB + sQsvs + 2svBs)
+2s0r0(svBs − ψv + sψvs − 2svψs − vB) +
r00|0
α
sψs
+2rk0s
k
0(−Qψ + sψQs − 2sQψs) + s0|0(svs − v)
+αsks
k
0(sQsv +Qv − 2sQvs),
C22 =
r200
α2
((2ψψss − ψ
2
s)(B − s
2)− ψss − 4sψψs)
+
r00s0
α
(2(vψss + ψvss − ψsvs)(B − s
2)− 2ψBs − vss + 2vψ
−2sψvs − 5svψs + 2Qψss −Qsψs)
+
2r00r0
α
(−ψBs + ψψs) + 2s0r0(−ψvs + 2ψsv − vBs)
+s20((2vvss − v
2
s)(B − s
2)−Qsvs − 2vBs + 2v
2 + 2Qvss − 3svvs)
−
r00|0
α
ψs − s0|0vs + asks
k
0(2Qvs −Qsv) + 2rk0s
k
0(2Qψs −Qsψ),
C23 = r00((−vψs + 2ψvs)(B − s
2) + 4ψB −Qψs − vs + 2svψ)
+αs0(vvs(B − s
2) + 2vB +Qvs + sv
2)− 2αr0(ψv + vB),
C24 = 4r00(ψ
2 + ψB) + 4αs0(vB + ψv),
C230 =
3r00
α
(1 + sQ)ψs + 3s0(vs − (v − svs)Q),
C240 =
r00
α
(2ψψs(B − s
2)− ψs)− 4r0(ψ
2 + ψB)
+s0((4vψs − 2ψvs)(B − s
2) + vs − 2svψ + 4Qψs − 4ψB),
C31 = r00(−2Qψ + 2sQsψ − sQψs)− αs0(vQ+ sQvs − 2sQsv),
C32 = r00(−2Qsψ +Qψs)− αs0(2Qsv −Qvs),
C310 =
r00
α
((sQsψs − 2sψQss)(B − s
2)
+2s2Qsψ − 2sQψ + s
2Qψs + sQss + sψs)
+s0((sQsvs −Qsv − 2sQssv)(B − s
2) + s2Qvs −QQs + sQ
2
s − 3sQv
−v + svs − 2sQQss + 2s
2Qsv),
C320 =
r00
α
((2Qssψ −Qsψs)(B − s
2) + 2Qψ − 2sψQs − sQψs −Qss − ψs)
+s0((2Qssv −Qsvs)(B − s
2)− vs −Q
2
s + 2Qv − 2sQsv + 2QQss − sQvs),
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C331 = −3Q
2 + 3sQQs + 3Qs,
C4 = 2ψr00 + 2vαs0,
C410 =
r00
α
sψs + s0(svs − v),
C420 = −
r00
α
ψs − s0vs,
C332 = α(Q− sQs)Q,
C333 = αQQs,
C311 = sQs −Q,(3.7)
and
R
m
m =
αRmm +
r200
α2
c2 +
1
α
(r00s0c4 + r00r0c6 + r00|0c8)
+s20c10 + (rr00 − r
2
0)c11 + r0s0c13 + (r00r
m
m − r0mr
m
0 + r00|mb
m − r0m|0b
m)c14
+r0ms
m
0c16 + s0|0c18 + s0ms
m
0c19
+α{rs0c20 + sms
m
0c22 + (3smr
m
0 − 2s0r
m
m + 2rms
m
0 − 2s0|mb
m + sm|0b
m)c23 + s
m
0|mc24}
+α2(sms
mc25 + s
i
ms
m
ic26),(3.8)
where
c2 = (2ψψss − ψ
2
s)(B − s
2)2 − (6sψψs + ψss)(B − s
2) + 2sψs,
c4 = (−4ψ(2Qψss +Qsψs +Qssψ) + 4Qψ
2
s)(B − s
2)2
+(−4ψ2(Q− sQs) + 2(2Qssψ +Qsψs + 2Qψss)− 2ψsB + 20sQψψs)(B − s
2)
+2ψ(Q− sQs)− 4ψs −Qss − 10sQψs,
c6 = 2(2ψψs − ψsB)(B − s
2)− 2ψs,
c8 = −ψs(B − s
2),
c10 = (4ψ
2(2QQss −Q
2
s) + 8Qψ(Qψss +Qsψs)− 4Q
2ψ2s)(B − s
2)2
+(−16sQψ(Qψs +Qsψ)− 4ψ(2QQss −Q
2
s)− 4Q(Qψss +Qsψs)
+4(QψsB +QsψB) + 8Q
2ψ2)(B − s2)
−4s2Q2ψ2 + 4(2 + 3sQ)(Qψs +Qsψ)− 8Q
2ψ + 2QQss −Q
2
s + 4sQψB ,
c11 = 4ψ
2 + 4ψB ,
c13 = (8ψ(Qsψ −Qψs) + 4(QψsB +QsψB))(B − s
2) + 8sQψ2 + 4Qψs − 4(1 − sQ)ψB,
c14 = 2ψ,
c16 = −4(Qsψ −Qψs)(B − s
2) + 2Qs − 2(1 + 2sQ)ψ,
c18 = 2(Qsψ +Qψs)(B − s
2)−Qs + 2sQψ,
c19 = −2Q
2 + 2(1 + sQ)Qs,
c20 = −8Q(ψ
2 + ψB),
c22 = −4Q
2ψs(B − s
2) + 2Qψ,
c23 = 2Qψ,
c24 = 2Q,
c25 = −4Q
2ψ,
c26 = −Q
2.(3.9)
4. A Special Case for Matsumoto metrics
Lemma 4.1. ([14]) (1) 1− s2 and (1+ 2B)2− 9s2 are relatively prime polynomials in s if and only if
B 6= 1; (2) B − s2 and (1 + 2B)2 − 9s2 are relatively prime polynomials in s if and only if B 6= 1; (3)
B − s2(or (1 + 2B)2 − 9s2) and 1− 4s2 are relatively prime polynomials in s if and only if B 6= 1
4
.
For an (α, β)-metrics, the form β is said to be Killing (resp. closed) form if rij = 0 (resp. sij = 0).
β is said to be a constant Killing form if its dual is a Killing vector field and has constant length with
respect to α, equivalently rij = 0, si = 0.
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Lemma 4.2. Let F = α
2
α−β be a non-Riemannian Matsumoto metric on an n-dimensional manifold
M , n ≥ 3. Suppose β is a constant Killing form. Then F is of scalar flag curvature if and only if F
is projectively flat.
Proof. Suppose β is a constant Killing form, i.e., rij = 0, si = 0. We need to rewrite the equation
(3.5). By (3.6), we have
(4.1) R
i
jb
j = αRi jb
j + α[(B − s2)QQs + sQ
2 +Q]si ks
k
0 + 2αQb
jsi
0|j − [(B − s
2)Qs + sQ]s
i
0|0,
(1) The calculations for R
i
kb
kbi.
By (4.1), we have
(4.2) R
i
jb
jbi =
αRi jb
jbi − [(B − s
2)Qs + sQ]s0ks
k
0.
(2) The calculations for R
m
m.
By (3.8), R
m
m can be rewritten as
(4.3) R
m
m =
αRmm + 2(−Q
2 + sQQs +Qs)s0ks
k
0 + 2αQs
k
0|k − α
2Q2si ks
k
i.
(3) The calculations for (R
i
jb
j). i.
By (4.1), (R
i
jb
j). i can be rewritten as
(4.4)
(R
i
jb
j). i =(
αRi j). i +
1
α
(B − s2)(QQs − sQ
2
s − sQQss −Qss)s0ks
k
0
− [(B − s2)Qs + sQ]s
k
0|k + α[(B − s
2)QQs + sQ
2 +Q]si ks
k
i.
(4) The calculations for (R
m
mb
i). i.
By (4.3) and a direct computation, we obtain
(4.5)
(R
m
m). ib
i =(αRmm). ib
i +
2
α
(B − s2)(−QQs + sQ
2
s + sQQss +Qss)s0ks
k
0
+ 2[(B − s2)Qs + sQ]s
k
0|k − 2α[(B − s
2)QQs + sQ
2 +Q]si ks
k
i.
Notice that A−4
1
= (1− 2s)−4 only exist in the term (R
i
jb
j). i and (R
m
mb
i). i. Let
V :=
1
α
(B − s2)(sQ2s + sQQss)s0ks
k
0
=
12s(B − s2)
αA4
1
s0ks
k
0
Plugging (4.2)-(4.5) into (3.5) yields
(4.6)
0 =−
sα
n+ 1
(−V −
2
n− 1
V ) + (· · · )
=
12s2(B − s2)
(n − 1)A4
1
s0ks
k
0 + (· · · ),
=
12s2(B − s2)(1 + 4s)4
(n − 1)(1− 4s2)4
s0ks
k
0 + (· · · ),
where (· · · ) does not contain the factor A−4
1
.
For the Matsumoto metric F , we have B < 1/4, which implies B− s2 can not be divided by 1− 4s2
from Lemma 4.1. Obviously, s2 can not be divided by 1− 4s2 either. Thus s0ks
k
0 must be divided by
1 − 4s2 = α
2−4β2
α2
. This implies there exists some function ρ = ρ(x), such that s0ks
k
0 = ρ(α
2 − 4β2).
Differentiating both sides of it with yiyj yields skjs
k
i = ρ(aij − 4bibj). Then contracting it with b
j
gives 0 = ρ(1 − 4B)bj , which means ρ = 0 and 0 = skjs
k
i. Since |sij|
2
α = −s
i
ks
k
i = −a
ijsjks
k
i = 0,
sij = 0. Hence bi|j = 0, which means that β is parallel with respect to α. So by (4.6), we have
W ij =W
i
j =
αW i j = 0. Then α is projectively flat, so is F .
The converse is obvious. This completes the proof of Lemma 4.2. 
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5. Proof of Theorem 1.1
Lemma 5.1. Let F = α
2
α−β be a non-Riemannian Matsumoto metric on an n(≥ 2)-dimensional
manifold M . If F is of scalar flag curvature, then β is a conformal 1-form with respect to α. i.e.
there is a function σ = σ(x) on M such that r00 = σα
2.
Proof. Rewriting the equation (3.5).
(1) The calculations for R
i
jb
jbi.
By (3.6), we have
(5.1)
R
i
jb
jbi =
αRi jb
jbi +B(sC21 +BC22 + rC24 − C230s0 + C240r0 − αvb
jsj|0 + 2αvb
js0|j + α
2vQsks
k
+ 2ψbjr00|j − 2ψb
jrj0|0 + 2αQψs
kr0k + 4αQψr
ksk0)
+ s0(sC310 +BC320 − C331s0) + rC4 + r0(sC410 +BC420 − 2ψr0) + sks
k
0(sC332 +BC333)
+ α2Q2sks
k + 2αQbib
jsi
0|j − αQbib
jsi j|0 + (sC311 −BQs)bis
i
0|0,
which can be rewritten as
(5.2) R
i
jb
jbi =
αRi jb
jbi +
f1(s,B)
α2A4
2
r200 +
∑
i1,j1,k1
1
αi1Aj1
1
Ak1
2
(· · · ),
where the sum indices i1, j1 and k1 satisfy −2 ≤ i1 ≤ 1, 0 ≤ j1 ≤ 3 and 0 ≤ k1 ≤ 4 respectively,
f1(s,B) is a nonzero polynomial of s,B given by
f1(s,B)/A
4
2 = B(B − s
2)2(2ψψss − ψ
2
s)−B(B − s
2)(6sψψs + ψss) +Bsψs,
f1(s,B) = −3B{9s
4 + 3(1− 4B)s3 + (8B2 − 16B − 1)s + 3B(B + 2)},
(· · · ), independent of r2
00
, is a polynomial of A1, A2(or s,B), and the degree of (· · · ) in s is no more
than deg(Aj1
1
Ak1
2
) = j1 + k1.
(2) The calculations for R
m
m.
By (3.8), BR
m
m can be rewritten as
(5.3) BR
m
m = B
αRmm +
f2(s,B)
α2A4
2
r200 +
∑
i2,j2,k2
1
αi2Aj2
1
Ak2
2
(· · · ),
where the sum indices i2, j2 and k2 satisfy −2 ≤ i2 ≤ 1, 0 ≤ j2 ≤ 3 and 0 ≤ k2 ≤ 4 respectively,
f2(s,B) is a nonzero polynomial of s,B given by
f2(s,B)/A
4
2 = Bc2 = B(B − s
2)2(2ψψss − ψ
2
s)−B(B − s
2)(6sψψs + ψss) + 2Bsψs,
f2(s,B) = −3B{9s
4 − 6(1 + 2B)s3 + 6(1 + 2B)s2 + 2(2B2 − 10B − 1)s + 3B(B + 2)},
(· · · ), independent of r200, is a polynomial of A1, A2(or s,B), and the degree of (· · · ) in s is no more
than deg(Aj2
1
Ak2
2
) = j2 + k2.
(3) The calculations for (R
i
jb
j). i.
By (3.6), (R
i
jb
j). i can be rewritten as
(5.4) (R
i
jb
j). i = (
αRi jb
j). i +
f3(s,B)
α3A5
2
r200 +
∑
i3,j3,k3
1
αi3Aj3
1
Ak3
2
(· · · ),
where the sum indices i3, j3 and k3 satisfy −1 ≤ i3 ≤ 2, 0 ≤ j3 ≤ 4 and 0 ≤ k3 ≤ 5 respectively,
f3(s,B) is a nonzero polynomial of s,B given by
f3(s,B)/A
5
2 = 2(B − s
2)3ψψsss − (B − s
2)2(18sψψss + 6ψψs + ψsss)
+ (B − s2)(5sψss + ψs + 24s
2ψψs)− 2s
2ψs,
f3(s,B) = −162s
6 + 27(16B + 5)s5 − 45(8B2 + 2B − 1)s4 − 9(4B2 + 31B + 1)s3
+ 9(40B3 − 12B2 − 9B − 1)s2 + 9B(−20B2 + 58B + 7)s − 3B(16B3 + 12B2 + 54B − 1),
8 XIAOLING ZHANG
(· · · ), independent of r2
00
, is a polynomial of A1, A2(or s,B), and the degree of (· · · ) in s is no more
than deg(Aj3
1
Ak3
2
) + 1 = j3 + k3 + 1.
(4) The calculations for (R
m
mb
i). i.
By (3.8) and a direct computation, we obtain
(5.5)
(R
m
m). ib
i =(αRmm). ib
i +
r200
α3
{(B − s2)c2s − 2sc2}+
1
α2
{r00s0((B − s
2)c4s − sc4)
+ r00r0((B − s
2)c6s − sc6 + 2c2) + r00|0((B − s
2)c8s − sc8)}
+
1
α
{s20(B − s
2)c10s + rr00((B − s
2)c11s + c6) + r
2
0(−(B − s
2)c11s + 2c6)
+ r0s0((B − s
2)c13s + 2c4) + r00r
m
m(B − s
2)c14s + r0ms
m
0(−(B − s
2)c14s + c16s)
+ r00|mb
m((B − s2)c14s + c8) + r0m|0b
m(−(B − s2)c14s + 2c8)
+ s0|0c18s + s0ms
m
0c19s}
+ rs0((B − s
2)c20s + sc20 + c13) + sms
m
0((B − s
2)c22s + sc22 + 2c19)
+ smr
m
0(3(B − s
2)c23s + 3sc23 − c16)− s0r
m
m(2(B − s
2)c23s + 2sc23)
+ rms
m
0(2(B − s
2)c23s + 2sc23 + c16)− s0|mb
m(2(B − s2)c23s + 2sc23 − c18)
+ sm|0b
m((B − s2)c23s + sc23 + c18) + s
m
0|m((B − s
2)c24s + sc24)
+ (2r0r
m
m − 2rmr
m
0 + b
kbm(r0k|m − rmk|0))c14
+ α{sms
m((B − s2)c25s + 2sc25 − c22) + s
i
ms
m
i((B − s
2)c26s + 2sc26) + b
ksmk|mc24}.
Thus, we have
(5.6) (R
m
mb
i). i = (
αRmmb
i). i +
f4(s,B)
α3A5
2
r200 +
∑
i4,j4,k4
1
αi4Aj4
1
Ak4
2
(· · · ),
where the sum indices i4, j4 and k4 satisfy −1 ≤ i4 ≤ 2, 0 ≤ j4 ≤ 4 and 0 ≤ k4 ≤ 5 respectively,
f4(s,B) is a nonzero polynomial of s,B given by
f4(s,B)/A
5
2 = (B − s
2)c2s − 2sc2
= 2(B − s2)3ψψsss − (B − s
2)2(18sψψss + 6ψψs + ψsss)
+ (B − s2)(6sψss + 2ψs + 24s
2ψψs)− 4s
2ψs,
f4(s,B) = −162s
6 + 216(1 + 2B)s5 − 90(4B2 + 4B + 1)s4 + 54(4B2 +B + 1)s3
+ 18(16B3 − 15B2 − 9B − 1)s2 + 54B(−4B2 + 9B + 1)s − 6B(4B3 + 24B − 1),
(· · · ), independent of r2
00
, is a polynomial of A1, A2(or s,B), and the degree of (· · · ) in s is no more
than deg(Aj4
1
Ak4
2
) + 1 = j4 + k4 + 1.
Plugging (5.2), (5.3), (5.4) and (5.6) into (3.5) yields
(5.7)
0 = αRi jb
jbi +
f1(s,B)
α2A4
2
r200 +
∑
i1,j1,k1
1
αi1Aj1
1
Ak1
2
(· · · )
−
1
n− 1
{BαRmm +
f2(s,B)
α2A4
2
r200 +
∑
i2,j2,k2
1
αi2Aj2
1
Ak2
2
(· · · )}
−
1
n+ 1
{sα(αRi jb
j). i +
sf3(s,B)
α2A5
2
r200 + s
∑
i3,j3,k3
1
αi3−1Aj3
1
Ak3
2
(· · · )}
+
1
n2 − 1
{sα(αRmmb
i). i +
sf4(s,B)
α2A5
2
r200 + s
∑
i4,j4,k4
1
αi4−1Aj4
1
Ak4
2
(· · · )}.
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Multiplying both sides of (5.7) with α2 yields
(5.8)
0 = α2{αRi jb
jbi −
1
n− 1
BαRmm −
1
n+ 1
sα(αRi jb
j). i +
1
n2 − 1
sα(αRmmb
i). i}
+ α2
∑
i,j,k
1
αiAj
1
Ak
2
(· · · ) + r200
1
A5
2
{A2f1(s,B)−
A2f2(s,B)
n− 1
−
sf3(s,B)
n+ 1
+
sf4(s,B)
n2 − 1
}.
Consequently, the term
r200
1
A5
2
{A2f1(s,B)−
A2f2(s,B)
n− 1
−
sf3(s,B)
n+ 1
+
sf4(s,B)
n2 − 1
}(5.9)
must be divided by α2. Observe that the coefficient of r200 in (5.9) can not be divided by α from the
definition of A2 and fi(s, b) (i=1,...,4). Thus r
2
00
must be divided by α, which means r00 = σα
2 for
some function σ = σ(x). This completes the proof of Lemma 5.1. 
Proof of Theorem 1.1.
Assume that F is of scalar flag curvature. Note that B < 1
4
for a Matsumoto metric F .
By (5.1), we conclude that there does not exist A−5
2
in the term R
i
jb
jbi. Also, there does not exist
A−5
2
in the term R
m
m by (3.8). So we focus on the term (R
i
jb
j). i and (R
m
mb
i). i.
By (3.6), (R
i
jb
j). i can be rewritten as
(5.10)
(R
i
jb
j). i = 2ψψsss(B − s
2)3
(r00 − 2αQs0)
2
α3
+ [· · · ]
=
324(B − s2)3(r00 − 2αQs0)
2
α3A5
2
+ [· · · ],
where [· · · ] does not contain the factor A−5
2
.
For the same reason, by (5.5), (R
m
mb
i). i can be rewritten as
(5.11)
(R
m
mb
i). i = 2ψψsss(B − s
2)3
(r00 − 2αQs0)
2
α3
+ [· · · ]
=
324(B − s2)3(r00 − 2αQs0)
2
α3A5
2
+ [· · · ],
where [· · · ] does not contain the factor A−5
2
.
Thus, (3.5) can also be rewritten as
(5.12)
0 = −
1
n+ 1
(
324(B − s2)3(r00 − 2αQs0)
2
α3A5
2
−
324(B − s2)3(r00 − 2αQs0)
2
(n− 1)α3A5
2
)sα+ [· · · ]
= −
324(n − 2)s(B − s2)3(r00 − 2αQs0)
2
(n2 − 1)α2A5
2
+ [· · · ],
= −
324(n − 2)s(1 + 2B + 3s)5(1 + 2s)(B − s2)3(A1r00 − 2αs0)
2
(n2 − 1)α2(1− 4s2)((1 + 2B)2 − 9s2)5
+ [· · · ],
where [· · · ] does not contain the factor A−5
2
.
By Lemma 5.1, we have
(5.13) A1r00 − 2αs0 = α(σα − 2σβ − 2s0).
Note
(5.14) s(1 + 2B + 3s)5(1 + 2s) =
16(1 + 2B)(5 + 4B)
9
(1 + 2B + 3s) mod {(1 + 2B)2α2 − 9β2}.
For the same reason in discussing (4.6), we get that [(1+2B)α+3β](σα−2σβ−2s0)
2 must be divided
by (1 + 2B)2α2 − 9β2 from (5.12), (5.13) and (5.14), i.e.,
(5.15) [(1 + 2B)α+ 3β](σα − 2σβ − 2s0)
2 = 0 mod {(1 + 2B)2α2 − 9β2}.
Case one: σ = 0. By (5.15), we have s20 = ρ{(1 + 2B)
2α2 − 9β2} for some function ρ = ρ(x).
Differentiating both sides yields (1 + 2B)2ρaij = 9ρbibj + sisj. Since n ≥ 3, we get ρ = 0 and s0 = 0.
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Hence, β is a constant Killing form.
Case two: σ 6= 0. Let q := [(1+2B)α+3β](σα−2σβ−2s0)
2. q can be rewritten as q = α qeven+qodd,
where
(5.16) qeven := (1 + 2B)σ
2α2 − 8(1 −B)σ2β2 − 4σ(1− 4B)βs0 + 4(1 + 2B)s
2
0
and
(5.17) qodd := −(1 + 8B)σ
2α2β − 4(1 + 2B)σα2s0 + 12σ
2β3 + 24σβ2s0 + 12βs
2
0.
Hence, qeven can be divided by (1 + 2B)
2α2 − 9β2.
Meanwhile, we have
(5.18) (σα− 2σβ − 2s0)(σα+ 2σβ + 2s0) = σ
2α2 − 4σ2β2 − 8σβs0 − 4s
2
0
can be divided by (1 + 2B)2α2 − 9β2 from (5.12).
1
2σ
{(5.16) + (1 + 2B)× (5.18)} yields
σ(1 + 2B)α2 − 6σβ2 − 6βs0 = 0 mod {(1 + 2B)
2α2 − 9β2}.
That is
(5.19) σ(1 + 2B)α2 − 6σβ2 − 6βs0 = ̺{(1 + 2B)
2α2 − 9β2}
holds for some function ̺ = ̺(x). (5.19) can be rewritten as
(1 + 2B)[σ − (1 + 2B)̺]α2 = 3β(−3̺β + 2σβ − 2s0),
which is equivalent to
(5.20) σ = (1 + 2B)̺
and
(5.21) 3̺β = 2σβ − 2s0.
Differentiating both sides of (5.21) and contracting it with bi yield 3̺ = 2σ, which is a contraction
with (5.20).
Above all, we have r00 = s0 = 0, i.e., β is a constant Killing form. By Lemma 4.2, F is projectively
flat.
The converse is obvious. This completes the proof of Theorem 1.1. 
From Theorem 1.1, one obtains the following
Corollary 5.1. ([17]) Let F = α
2
α−β be a non-Riemannian Matsumoto metric on an n-dimensional
manifold M , n ≥ 3. Then the following conditions are equivalent:
(a) F is of weakly isotropic flag curvature K; (b) F is of constant flag curvature K; (c) α is a flat
metric and β is a constant one form.
In this case, F is locally Minkowskian.
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